Abstract. A (closed) subspace Y of a Banach space X is called proximinal if for every x ∈ X there exists some y ∈ Y such that x − y ≤ x − z for z ∈ Y . It is the object of this paper is to study the proximinality of 
Introduction
Let Φ be a Young's function, [10] and X be a Banach space. L Φ (I, X) denotes the sapce of all strongly measurable functions for the unit interval I (with the Lebesgue measure) with values in X for which I Φ(α f (t) )dt < ∞ for some α > 0. It is known that L Φ (I, X), [3] , is a Banach space under the Luxemburg norm:
We refer to [4] , [7] and [3] for the basic structure of L Φ (I, X).
A subspace (closed) Y of the Banach space X is called proximinal in X if for every x ∈ X there exists y ∈ Y such that x−y ≤ x−z for all z ∈ Y . The element y is called a best approximant of x in Y . One of the interesting problems in best approximation in function spaces is :"If Y is proximinal in X must L p (I, Y ) be proximinal in L p (I, X)". We refer to [2] , [5] , [6] and [7] for the main results on that problem. It is the object of this paper to study the proximinality of
, a result which has many consequences.
Proximinality in
Throughout the rest of this paper Y is a closed subspace of X and the Young function Φ is continuous and finite valued.
We say that the Young function Φ satisfies ∆ 2 − condition (in short Φ ∈ ∆ 2 ) if there exist k > 1 and x 0 > 0 such that Φ(2x) ≤ kΦ(x), for x ≥ x 0 , with Φ(x 0 ) < ∞. Lemma 1. Let Φ ∈ ∆ 2 and Y be a proximinal subspace of the Banach space X. Let f ∈ L Φ (I, X) and suppose that g is a strongly measrable function such that g(t) is a best approximant to f (t) in Y for almost all t in I. Then g is a best approximant to f in
Proof. Since g(t) is a best approximant to f (t) in Y for almost all t in I and 0 ∈ Y , then we have g(t) ≤ 2 f (t) for almost all t in I [6] . Since Φ ∈ ∆ 2 , [4] , it follows that
. From the monotonocity of the Luxemburg norm, [8] , and the fact that (
Proof. For f ∈ L Φ (I, X), f is strongly measurable, and there exists a sequence of simple functions in L Φ (I, X) such that lim n→∞ f n (t) − f (t) = 0 for almost all t in I. The continuity of dist(x, Y ) implies that lim
Now, that Φ ∈ ∆ 2 , [3] , implies that for a given ε > 0, there exists f ′ a simple function in L Φ (I, X) such that f − f ′ Φ < ε/3. Assume f ′ has the form f ′ (t) = n i=1 χ B i (t)x i with the B ′ i s disjoint and measurable sets, x i ∈ X and n i=1 B i = I. We can assume µ(B i ) > 0 and Φ(1) ≤ 1.
Using: Φ(1) ≤ 1 and the fact that µ(I) = 1, we get:
Together with ( * ) we get the required result.
Corollary 3. Let Φ ∈ ∆ 2 , X a Banach space and Y a closed subspace of X. For f ∈ L Φ (I, X) and g ∈ L Φ (I, Y ), g is a best approximant of f in L Φ (I, X) if and only if g(t) is a best approximant of f (t) in Y for almost all t in I. Now we introduce the main theorem of this paper: Theorem 4. Let X be a Banach space and Y be a closed subspace of X. For a strictly increasing function Φ ∈ ∆ 2 , the following are equivalent: 1 (I, Y ) ). Hence g(t) a best approximant to f (t) for almost all t in I, [coroll. 2.11, 6]. Thus Lemma 1 gives (ii).
Theorem 6. Let Φ ∈ ∆ 2 and Y be a reflexive subspace of a Banach space X. Then L Φ (I, Y ) is proximinal in L Φ (I, X).
Proof. Using Theorem 4 and Theorme 1.2 in [1] , we get the result.
Theorem 7 [2, 9] . Let Y be a reflexive subspace of the Banach space X. Then L p (I, Y ) is proximinal in L p (I, X), 1 < p < ∞. Proof. Using Theorem 4 and Theorem 3.2 in [7] , we get the result.
